The decay of an unstable quantum state interacting with an environment with a purely singular continuous energy spectrum is studied. Within the framework of the weak coupling Friedrichs-Fano (Newns-Anderson) model, a scaling approach is developed by assuming the local Hölder continuity of the environmental integrated density of states (IDOS). It reduces to the conventional van Hove scaling when IDOS is differentiable at the resonant energy. When the Hölder index at the resonant energy is less than unity, the survival amplitude is shown to be a Mittag-Leffler function of the scaled time, which describes monotonic decay, decay with one local maximum, oscillatory convergence towards a finite value. Then, these predictions are compared with the numerical solution of the integral equation for the survival amplitude and are shown to well reproduce the numerical observations provided that the differential/Hölder coefficients are estimated in an appropriate coarse-grained way. §1. Introduction
§1. Introduction
The spectrum of a self-adjoint operator consists of point, absolutely continuous, and singular continuous spectra. 1), 2) Although quantum systems with finite degrees of freedom are often assumed to have point and absolutely continuous energy spectra (e.g., the standard scattering theory excludes singular continuous spectra 1) ), various systems of interest such as one-dimensional quasiperiodic lattices and random systems have singular continuous energy spectra. 3) Conventionally, these systems have been studied in connection with the fragmentation of the energy bands 4)-6) such as the appearance of the Hofstadter butterfly, 4) or with the localization-delocalization transition of the energy eigenfunctions. 7)-10) The fragmented bands are absolutely continuous and the localization-delocalization transition involves point and absolutely continuous spectra. However, these systems may have singular continuous spectra. Examples include Fibonacci 11), 12) and ThueMorse 13), 14) lattices, almost periodic Schrödinger operators 15), 16) and related quasiperiodic systems (for recent references, see Ref. 17) ). Some random systems have singular continuous spectra as well. 18) Besides the structure of the energy spectra, the wave packet dynamics in quasiperiodic systems has been extensively investigated. It was found that the meansquare spread of a wave packet grows 19)-21) and its autocorrelation function decays 22) as power-law functions of time with exponents related to the characteristic dimensions (respectively, the Hausdorff and correlation dimensions) of the spectral measure. Further, the wave packet spread is shown to have a multifractal structure, i.e., different moments of the spread obey different power-law behaviors. 23)- 25) Several relations between exponents in the power-law growth/decay and dimensions of the spectral measure have been rigorously proven. 26)-28) For further details, see Ref. 17) . There also exist systems with a singular continuous spectrum, where the autocorrelation functions of some wave packets do not decay in time. 29) Although there are some works dealing with the spread of a two-particle wave packet on aperiodic lattices with an interparticle interaction, 30)-33) the interplay between the interaction and the singular continuity of the energy spectrum has not been well explored. As one of the simplest cases, in this paper, we study the decay of a single quantum state interacting with singular continuous states.
For this purpose, we use the Friedrichs-Fano 34)-36) (Newns-Anderson 37), 38) ) model, a standard model describing a quantum unstable state (see also §4.2 of Ref. 42) ). It is equivalent to the 'Nθ-sector' of the Lee model with an unstable V -particle 39) and it has been repeatedly used to illustrate new proposals for unstable quantum systems (e.g., see Refs. 40) and 41)). As is well known, when the continuous states correspond to an absolutely continuous spectrum, the survival probability of the unstable state decays exponentially as a function of the scaled time τ ≡ λ 2 t (with λ the coupling constant and t the time) in the weak coupling limit where the limit of zero coupling constant λ → 0 is taken while keeping the scaled time constant. We study the time evolution of the unstable state when the continuous states correspond to a singular continuous spectrum with particular emphasis on the possibility of a scaling behavior.
The rest of this paper is organized as follows: In §2, after reviewing the definition of the singular continuous spectra and giving examples of the Hamiltonian with purely singular continuous spectra, we introduce the Friedrichs-Fano model whose continuous states correspond to a purely singular continuous spectrum along the lines of thought of Refs. 24), 25), 29), 43) and 44) . In §3, we develop a simple scaling argument based on Luck's approach 45) where the singular continuous spectrum is characterized in terms of local Hölder indices of the integrated density of states (IDOS). When the integrated density of states incorporating the form factor (environmental IDOS) is left and right differentiable at the resonant energy, the survival amplitude in the weak coupling limit is shown to be an exponential function of the scaled time τ ≡ λ 2 t. On the other hand, when the environmental IDOS is left and right Hölder continuous at the resonant energy, the survival amplitude is shown to be a Mittag-Leffler function 46), 47) of the scaled time τ ≡ λ η t with an exponent η( = 2) depending on the Hölder index. The Mittag-Leffler functions often appear as solutions of fractional differential equation describing the classical anomalous diffusion. 48) In §4, the integral equation for the survival amplitude is numerically solved by assuming that the environmental IDOS is a Lebesgue singular function. 49), 52) We, then, find that the survival amplitude in the weak coupling limit satisfies a scaling property and observe both exponential and nonexponential decays. Successively, we compare the numerical results with the scaling approach. It is found that the theory well reproduces the numerical observations provided that the differential/Hölder coefficients are estimated in an appropriate coarse-grained manner. It should be noted that the Mittag-Leffler function obeys an integro-differential equation with a strong memory effect, where the memory kernel decays polynomially as a function of the duration. As a result of this memory effect, the Mittag-Leffler function describes monotonic decay, decay with one local maximum and oscillatory convergence towards a finite value concerning of the survival probability, depending on the parameters involved. All these features are numerically observed. Section 5 is devoted to the conclusions and discussion. Particularly, we show that the above-mentioned features of the Mittag-Leffler relaxation can be explained in terms of the formation of two resonance states owing to the singularity of the density of states. Some technical details are presented in three appendices. §2. Friedrichs-Fano model with singular continuous spectrum
Self-adjoint operator with singular continuous spectrum
In this subsection, we review the definition of the singular continuous spectrum and give examples of self-adjoint operators with a purely singular continuous spectrum. Let H be a self-adjoint operator defined on a Hilbert space H, then H admits a spectral decomposition in terms of spectral projection operators {E(ω)} −∞<ω<∞ : 1), 2), * )
(2 . 1) 
For any vector ϕ ∈ H and any interval
is a self-adjoint operator with a purely singular continuous spectrum. Indeed, 2) implies that the measure μ ψ associated with the vector ψ is given by
The projection operator E(ω) defined on the real axis ω ∈ R is strongly right continuous and
Then μ ψ is absolutely continuous with respect to μ and, thus, this is singular with respect to the Lebesgue measure. Let μ(ω) be as above, then, since ν = μ(ω) is continuous and nondecreasing,
with μ L being the Lebesgue measure and H : ϕ(ν) → ω ν ϕ(ν), then H has a purely singular continuous spectrum. In this case again, we have
and 5) which is singular with respect to the Lebesgue measure. It is convenient to write the latter example in terms of the Dirac notation:
Friedrichs-Fano model
The Friedrichs-Fano 34)-36) (Newns-Anderson 37), 38) ) model is one of the simplest models describing a decay process. Its Hamiltonian H consists of three parts,
where H s and H e are Hamiltonians of the discrete and continuous states and H int is that of their interaction. They are given, respectively, by
Here, the discrete and continuous states |Ω and |ν are mutually orthonormal:
10)
Ω and ω ν are energies, respectively, of the discrete and continuous states, λ is a dimensionless coupling constant between the discrete and continuous states and the real-valued function f (ν) is a form factor. The real parameter ν labelling the continuous states is assumed to be dimensionless, and then f (ν) has the dimension of the energy. We consider the case where the discrete state |Ω is unstable, so that the energy Ω is embedded in the range of ω ν , which is assumed to be [0,
Hereafter, we use the natural unit where = 1. In this paper, we focus on the time evolution of the survival probability 
The kernel G(s) is given by 12) where dμ(ω) stands for the Stieltjes integral with respect to μ(ω) and
Assume that ω = ω ν is a nondecreasing function of ν and ν = μ(ω) is its inverse. As shown in the previous subsection, one can make the spectrum of H e purely singular continuous if μ(ω) is chosen to be an integrated distribution function of a singular measure, or a Lebesgue singular function (a nondecreasing function with zero derivatives almost everywhere). Furthermore, we assume that the form factor f (μ(ω)) is a continuous function of ω. Then, the functionμ(ω) has the same smoothness as μ(ω) and will be referred to as the environmental integrated density of states (IDOS). Note, on the other hand, that the differentiableμ(ω) corresponds to H e with an absolutely continuous spectrum. §3. Scaling approach
Hölder continuity of IDOS
When the spectrum of H e is absolutely continuous, the strict exponential decay can be derived in the van Hove limit where one takes λ → 0 while keeping λ 2 t finite. This means that the survival amplitudes a(t) for different coupling constants λ approximately take a single form as a function of the scaled time τ ≡ λ 2 t. It is, then, interesting to investigate whether the survival amplitude satisfies a similar scaling property even when H e has a purely singular continuous spectrum. This question is investigated in this section. * ) As is well known, 50) Eq. (2 . 11) can be solved with the aid of the Fourier-Laplace transforma-
(Imz > 0). However, whenμ(ω) is not differentiable, the analytical properties of Z(z) is not known and, thus, we directly study the integral equation (2 . 11).
Luck 45) has proposed to characterize singular continuous spectra by local Hölder indices of the corresponding integrated density of states. Following Luck's approach, we assume thatμ(ω) satisfies
and we investigate whether the survival amplitude satisfies the scaling property or not. In Eq. (3 . 1), κ + (κ − ) and C (+) (C (−) ) are the left (right) local Hölder index and Hölder coefficient, respectively. Without loss of generality, we can as-
Note that, when both of the Hölder indices are greater than or equal to 1 (namely in case (a)),μ(ω) is left and right differentiable at ω = Ω.
Scaled integral equation
If the scaling property holds, the survival amplitudeã λ (τ ) ≡ a(τ /λ η ) as a function of the scaled time τ ≡ λ η t has a well-defined limit for λ → 0. Therefore, if the scaling index η is properly chosen, the integral equation forã λ (τ ):
would have a nontrivial limit for λ → 0. If σ/λ η 1, we can well approximate G σ λ η by its asymptotic form. Therefore, we divide the integral into two parts with a lower bound δ λ which satisfies δ λ → 0, δ λ /λ η → +∞ as λ → 0:
Thus, we haveã
3) 4) and, hereafter, the limitc
is assumed to exist. Equation (3 . 3) is our starting point.
To investigate the scaling behavior, it is convenient to rewrite the kernel as
where 9) and the Stieltjes integral of Eq. (2 . 12) has been evaluated by integrating the parts. 46) When 0 < Ω < ω * , irrespective of the value of η, the contribution from G 1 has a well-defined limit for λ → 0:
On the other hand, the limits of the contributions from G 2 and G 3 depend on the smoothness ofμ(ω) at ω = Ω. As shown in Appendix A, when κ + ≥ 1, we have
where P stands for Cauchy's principal value andμ R (Ω) is the right derivative at ω = Ω. On the other hand, when κ + < 1, we have 12) where Γ (κ + + 1) stands for the gamma function. It is worth noting that, owing to the factor 1/λ
whereμ L (Ω) is the left derivative at ω = Ω and, when κ − < 1, we have
Note again that, when κ − < 1, G 3 (σ/λ η ) is divergent in the limit of λ → 0. We found that, if the two Hölder indices are greater than or equal to 1, all the components G 1 , G 2 and G 3 give nonvanishing contributions and, if at least one Hölder index is less than 1, only the component associated with the smallest Hölder index survives in the limit of λ → 0. Then we have:
In this case, one has
Thus, it has a nontrivial limit only when η = 2 and 17) which has the standard exponential solution:
It has a nontrivial limit only when η = 2/(2 − κ) and
By expandingã(τ ) into a power series: 20) we can easily derive recursion relations for α n and β n :
where α 0 = 1 and β 0 = 1. Then, one obtains
where
is the Mittag-Leffler function. 46), 47) We remark that, for cases (b), (c) and (d), the integral equation (3 . 19) is equivalent to the integro-differential equation
which has a power-law decaying memory kernel σ −κ . This implies that the scaled survival amplitude is strongly affected from its past. As will be shown in the next section, this memory effect causes regeneration or convergence towards a finite value of the survival probability. In the last section, these behaviors will be discussed from a different viewpoint. §4. Numerical analysis on a model system
Model system
In this section, we numerically investigate the temporal behavior of the survival probability in the case where the environmental IDOS,μ(ω), is the unique solution of the following functional equation:
where α (0 < α < 1) is a parameter controlling the singularity of the spectrum. As discussed in detail by Mantica, 25) suchμ(ω) is an integrated density of states of a semi-infinite aperiodic tight-binding lattice. * ) And, the corresponding FriedrichsFano model describes the coupling of a discrete state with the end-site of the aperiodic lattice. Further properties of the lattice corresponding to Eq. (4 . 1) will be reported elsewhere. We only deal with the case where α is larger than or equal to one-half because the function has the symmetry:μ α (ω) = ω * 2 −μ 1−α (ω * − ω). We remark thatμ 1/2 (ω) = ω * ω, which represents an absolutely continuous spectrum. For 1/2 < α < 1, it is a Lebesgue singular function and the corresponding H e has a purely singular continuous spectrum. In Fig. 1 , we showμ 0.7 (ω) as a function of ω/ω * (left) and the derivative of its piecewise linear approximation (right). The spectrum becomes more singular as α approaches unity. Then, thanks to the func- * ) Moreover, Mantica 25) shows that, whenμ is the Cantor function, the corresponding lattice is asymptotically quasi-periodic in the sense that the discrete Fourier transform of the hopping strength r n from the (n − 1)th to nth sites has self-similar hierarchical structure. tional equation (4 . 1), the kernel G α (s) of the integral equation (2 . 11) is found to satisfy
where the last expression follows from the second equality (see Ref.
49)).
We numerically solve the integral equation (2 . 11) as follows: The infinite product in Eq. (4 . 2) is truncated at the 20th factor and the kernel G α (s) is evaluated by the numerical integration. Then, the survival amplitude is obtained by solving the discretized equation
where Nδt = t. We take δt = 1/ω * and integrate the discretized equation up to t = Nδt ∼ 10 5 /ω * for 6 coupling constants λ between 0.002 and 0.0025 and 11 values of Ω/ω * between 0.25 and 0.75. When 0.5 < α < 0.99, temporal behaviors of survival probabilities for Ω/ω * = 1/2, 1/2 2 , 3/2 2 (Fig. 2) are qualitatively different from those for the other values of Ω/ω * (Fig. 3) . We will call the former values Ω/ω * = m/2 n (with m(< 2 n ) and n being positive integers) as "binary rational" and the other values as "binary irrational". Indeed, when Ω/ω * is binary rational, the survival probability shows three typical behaviors as a function of the parameter α. When α is between 0.51 and 0.55, the survival probability decays monotonically in time t. However, the decay is not exponential (see Fig. 2(a) ). When 0.55 < α < 0.61, the survival probability decays with one local maximum or it regenerates (see Fig. 2(b) ). When 0.61 < α < 0.9, the survival probability oscillatory converges towards some finite value as t → +∞ (see Figs. 2(c) and (d) ). When α is larger than 0.9, the oscillation of the survival probability becomes more irregular. On the other hand, when Ω/ω * is binary irrational, the survival probability decays almost monotonically. In particular, when α is close to 0.5, it decays exponentially (Fig. 3(a) ). As α increases, the decay of the survival probability becomes slower (Figs. 3(b) and (c) ). Note that, when α = 0.5, the survival probability shows the exponential decay for every Ω consistently with the fact that H e has an absolutely continuous spectrum with the uniform density of states.
Now we study the possibility of a scaling behavior. If the survival probability P (t, λ) satisfies a scaling property P (t, λ) = F (λ η t) = F exp(log t + η log λ) , the graphs of P (t, λ) for different λs as functions of log t are parallel with each other. Moreover, one can obtain the scaling index η from the distance along the log t-axis between the two parallel curves (cf. Appendix B). With those scaling indices, the survival probabilities for different λs are shown as functions of the scaled time in survival probabilities well satisfy the scaling property. There also exist parameters Ω and α for which the scaling property does not hold well. Particularly, when α is too close to unity and Ω/ω * is binary irrational, one cannot observe the substantial change in the survival probability and it is not possible to determine whether the scaling property holds. In Fig. 6 , we show the three regions in (Ω, α)-plane, namely the one where the scaling property holds, the one where it breaks and the one where its existence cannot be determine. As expected, the scaling property holds in a rather wide range of parameters. It is interesting to note that the range of α where the survival probability satisfies the scaling property is wider for the binary rational resonant frequencies Ω than that for the binary irrational ones. This is another qualitative difference between the binary rational and binary irrational Ωs. 
Scaling index
In the rest of this section, we compare the numerical results of the previous subsection with the analytical predictions mentioned in §3. As shown in Appendix C, when Ω/ω * is binary irrational:
there exists a unique η n such that η n < Ω < η n + ω * /2 n and
where, except for α = 1/2, On the other hand, when Ω/ω * is binary rational:
we haveμ 
Therefore, according to the arguments in the previous section, when Ω/ω * is binary irrational, the survival probability would satisfy the scaling property with index η = 2 and, when Ω/ω * is binary rational, it would satisfy the scaling property with index η = 2/(2 − κ + ) = 2(2 + ln α/ ln 2) −1 . Now we compare this prediction with the results of the previous subsection. The numerically obtained scaling indices are shown as functions of the parameter α for binary irrational Ω/ω * = 0.3, 0.35, 0.4, 0.45 in Fig. 7 and for binary rational Ω/ω * = 1/2 2 , 1/2, 3/2 2 in Fig. 8 . As seen in these figures, the scaling approach well reproduces the overall features of the scaling index η as a function of α for 0.5 < α ≤ 0.6 when Ω/ω * is binary irrational, and for 0.6 < α when Ω/ω * is binary rational. In the case of binary irrational Ω/ω * , the numerical results for 0.6 < α suggest the existence of the scaling property with a larger index: η > 2 (namely, much longer time scale than t ∼ λ −2 ). While, in the case of binary rational Ω/ω * , the scaling index for 0.5 < α ≤ 0.6 seems to be entrained to the value 2 for the differentiable case. Presumably, these features are due to higher order contributions in λ and will be discussed elsewhere. Finally, we remark that the difference in the widths of the scaling regions between binary rational and irrational Ω/ω * (cf. Fig. 6 ) can be attributed to the difference in the scaling indices (η < 2 and η ≥ 2, respectively). Indeed, a larger scaling index requires longer duration of the numerical integration and, thus, implies more accumulation of the numerical error. Thus, the numerical solution in the binary irrational case would lose the scaling property for α smaller than that for the binary rational case. 
Scaled survival probability for binary irrational
In this case, as discussed in the previous subsection, we haveμ α (Ω) = 0. Furthermore, one verifies numerically that the kernel G(t) is bounded and, thus, c λ = (1 + O(δ λ )) −1 , which converges towardsc = 1 as λ → 0 (cf. Eq. (3 . 5)). Therefore, by naively applying the arguments of §3, we find that the scaled survival probability is constant in time (cf. Eq. (3 . 18)): P (τ ) ≡ |ã(τ )| 2 = |e iΔΩτ | 2 = 1, which disagrees with the monotonic decay of P (τ ) observed for various values of α (cf. Fig. 4) . However, by plotting log |μ α (Ω ± Δ) −μ α (Ω)| as a function of log Δ, one finds that |μ α (Ω ±Δ)−μ α (Ω)| is proportional to Δ for Δ/ω * ≥ O(10 −4 ) (cf. Fig. 9 ). This means thatμ α (ω) is left and right differentiable at ω = Ω within a coarse-grained scale. Thus, one can regard the extrapolated value ρ α (Ω) of
for Δ → 0 as a coarse-grained value of {μ αL (Ω) +μ αR (Ω)}/2 and can evaluate the decay rate in Eq. (3 . 16) as γ = πρ α (Ω). As seen in Fig. 10 , with this prescription, the formula (3 . 18) well describes the scaled survival probability for various values of α.
Scaled survival probability for binary rational
, one would naively expect that the present case corresponds to the case (d) of §3 with C (+) /ω * 2−κ + = {(1 − α)/α} N 1 . However, as in the previous subsection, both the ratios
remain constant as functions of Δ for 2 −20 < Δ/ω * < 2 −4 (cf. Fig. 11 ) and the extrapolated values g
α (Ω, Δ) for Δ → 0 should be regarded as the coarse-grained Hölder coefficients C (±) :
α (Ω) = 0 in general, the present case corresponds to the case (b) of §3 and the scaled survival amplitudeã(τ ) is expected to be described by the Mittag-Leffler function (3 . 22 ). Now we turn our attention toc (cf. Eq. (3 . 5)). As shown in Figs. 12 and 13 , the kernel G(t) is not a smooth function of t when t is not so large and diverges polynomially as t → +∞. Thus, it is difficult to evaluatec even numerically and we treat it as a complex fitting parameter. Using κ + = − ln α/ ln 2 and the coarsegrained Hölder coefficients, we adjust the theoretical curve (3 . 22) forã(τ ) by fitting the parameterc and compare it with the numerical results (cf. Fig. 14) . When α is less than 0.55, the scaled survival probability monotonically decays to zero. When α is between 0.55 and 0.61, it decays to zero but has a local maximum, and when α is approximately between 0.61 and 0.9, it oscillatorily converges towards a finite value. When α is larger than 0.9, the survival probability shows an oscillatory behavior and the scaling property does not hold well. As shown in Fig. 14 , the MittagLeffler function markedly reproduces these features of the survival probability such as the existence of the local maximum (i.e., the regeneration) and the oscillatory convergence towards a finite value. The long-term limit of the survival probability can be analytically evaluated from the asymptotic behavior of the Mittag-Leffler function (MLF) E 2−κ + (z). When 0 < 2 − κ + < 1 and |z| → ∞, we have 47)
On the other hand, with
Hence, if arg{c(C (+) + C (−) e iπκ + )} = 0, one has arg z τ = π(2 − κ + )/2 and the survival probability converges towards a finite value:
The limiting value of numerically obtained P (τ ) agrees well with the theoretical prediction (4 . 13) when α is approximately between 0.65 and 0.9. Note that, in this parameter range, C (−) is very small compared with C (+) andc is close to unity. We emphasize that the survival probability described by the Mittag-Leffler function (3 . 22) changes its character from monotonic decay, to decay with a local maximum and to oscillatory convergence towards a finite value, as the parameter α increases (namely, as the local Hölder index κ + decreases) (cf. Fig. 5 ). This could be understood from the integro-differential equation (3 . 23) of the scaled survival amplitudeã(τ ). We observe that the kernel of (3 . 23) decays polynomially as σ −κ + with the increase in the duration σ. This implies the existence of a strong memory effect and such tendency becomes stronger for smaller κ + . This would cause the regeneration and the oscillatory convergence towards a finite value of the survival probability observed for smaller values of κ + . Another interpretation will be discussed in the next section. 
Conclusions and discussion
Within the Friedrichs-Fano model, we have shown that the survival probability of an unstable state coupled with purely singular continuous states satisfies the scaling property in the weak coupling limit as in the standard van Hove limit, and that the scaled survival probability shows exponential or the Mittag-Leffler decay depending on the resonant energy. The scaled survival probability decays exponentially if the environmental IDOSμ(ω), which characterizes the coupling, is Hölder continuous at the resonant energy with left and right indices larger than unity. On the other hand, it shows the Mittag-Leffler decay if one of the Hölder indices at the resonant energy is less than unity. In the regime of the Mittag-Leffler decay, as the smaller Hölder index decreases, the scaled survival probability changes its feature from monotonic decay, to decay with a local maximum and to oscillatory convergence towards a finite value. This could be understood from the memory effect of the integro-differential equation for the scaled survival amplitude (3 . 23) where the kernel decays polynomially with the duration σ and the decay is slower for smaller Hölder index. Physically, the memory effect could be attributed to the anomalous diffusion of the wave packet in the environment: As the localized state decays, a wave packet is generated in the environment and it propagates in an intermittent way. 19)-25) Then, the autocorrelation of the emitted packet is slowly vanishing and it would keep the past memory of the decaying state. Note that, since the Mittag-Leffler function satisfies E 1 (z) = e z , the Mittag-Leffler decay gradually changes to the exponential decay as the Hölder index increases to unity.
The nonmonotonic behavior of the Mittag-Leffler decay can also be interpreted in terms of the singularity of the continuous-state spectrum. Because the key property of IDOSμ(ω) for the derivation of the integral equation (3 . 17) is its local Hölder continuity with index 0 < κ < 1 at the resonant energy, the essential feature of the survival amplitude could be determined using the Friedrichs-Fano model with an absolutely continuous spectrum whereμ(ω) is differentiable and its derivative diverges as |ω − Ω| κ−1 near the resonant energy Ω. Thus we study the survival probability for the model with
where C (±) ≥ 0.
As is well known, the integral equation (2 . 11) for the survival amplitude a(t) can be solved with the aid of the Fourier-Laplace transformation as 50) 
where Z(ω) (0 < arg ω < π) is given by
with , Γ is the contour along the imaginary axis in the lower-half plane (cf. Fig. 15 ) and, in the second equality, the integration contour has been deformed as in Fig. 15 . Since Z(ω) diverges as λ 2 ω κ−1 near ω = 0, it is easy to show that the contribution from the contour Γ decays as (λ 
and ω = λ 
. In short, we have shown that, when the resonant energy coincides with the singularity of the density of states, there appear two resonance states in general and, in addition, if the singularity corresponds to the band edge (namely, C (−) = 0 or C (+) = 0), one of them is a bound state. We note that this feature is remarkably different from that of the standard FriedrichsFano model where a single resonance or bound state is formed. Rather, this feature is similar to the formation of bound/quasibound states in the continuum (BIC/QBIC) due to the van Hove singularity of the continuum bands. 51) Equation (5 . 4) well explains the distinct features observed in the Mittag-Leffler decay: The survival probability |a(t)| 2 decays monotonically if both |Imζ j | (j = 1, 2) are sufficiently large. If one of |Imζ j | (j = 1, 2) is smaller than the other, the regeneration of |a(t)| 2 may be observed depending on the relative signs and magnitudes of a 1 and a 2 . If one of ζ j (j = 1, 2) is real and the other is complex, |a(t)| 2 converges towards a finite value generally in an oscillatory manner. In other words, the regeneration of the survival probability is a signature of the existence of two resonance states and the convergence towards a finite value implies the formation of a bound state. Conversely, from this observation, the singular continuous spectrum can be regarded as a dense set of singularities.
Since the scaling argument is simple and depends only on the smoothness of the continuous-state spectrum at the resonant energy, we consider that the present results are still valid for other systems with singular continuous spectra such as quasicrystals or the Harper model of electron dynamics in the two-dimensional lattice under the strong magnetic field. These aspects as well as the higher-order contributions mentioned in §4.2 will be discussed elsewhere.
In short, when κ + ≥ 1, we have 
Appendix B Numerical Evaluation of the Scaling Index
As discussed in the text, if the survival probability P (t, λ) satisfies a scaling property P (t, λ) = F (λ η t) = F exp(log t + η log λ) , the graphs of P (t, λ) for different λs as functions of log t are parallel with each other. Let d ij be the distance between two log t-P (t, λ) curves for λ = λ i and λ j along the log t-axis (cf. Fig. 17 ), then the scaling index η is given by η = d ij /| log(λ j /λ i )|. On the basis of this view, η is evaluated as follows: Firstly, from the range of a reference survival probability for λ = 2 × 10 As κ > 1 for 0 < α < 1 and α = 1/2, this observation is consistent with the fact that d dωμ α (ω) = 0 for almost every ω. 52) 
